The new trend towards minimally invasive millimeter-sized and free-floating distributed implants promises to enable emerging applications, such as chronic neural recording with minimal damage to the surrounding tissue. However, wireless power transmission (WPT) to these medical devices is quite challenging. The magnetic field produced by external transmitter (Tx) coils at the position of small implants can be considered homogeneous to separate the optimization of Tx and receiver (Rx) coils for efficient WPT. This paper focuses on the optimization of the solenoid-type Rx coils, which are suitable for this application. We have developed an analytical model of solenoid coils that includes the impact of tissue and coating around the coils, verified through simulations and measurements. Using the proposed model, under a given size restriction and a specific load, we find the optimal operating frequency and coil geometry to maximize a figure of merit (FoM) for the Rx that includes the loaded quality factor and its internal efficiency as well as a factor related to the coupling coefficient. For a millimeter-sized coil, the optimal operating frequency for the Rx and the number of turns are found to be 500 MHz and six, respectively, if the coil is closely wound using AWG36 copper wires. If the pitch is also optimized, then 700 MHz and four turns provide the best FoM for the solenoid Rx.
Abstract-The new trend towards minimally invasive millimeter-sized and free-floating distributed implants promises to enable emerging applications, such as chronic neural recording with minimal damage to the surrounding tissue. However, wireless power transmission (WPT) to these medical devices is quite challenging. The magnetic field produced by external transmitter (Tx) coils at the position of small implants can be considered homogeneous to separate the optimization of Tx and receiver (Rx) coils for efficient WPT. This paper focuses on the optimization of the solenoid-type Rx coils, which are suitable for this application. We have developed an analytical model of solenoid coils that includes the impact of tissue and coating around the coils, verified through simulations and measurements. Using the proposed model, under a given size restriction and a specific load, we find the optimal operating frequency and coil geometry to maximize a figure of merit (FoM) for the Rx that includes the loaded quality factor and its internal efficiency as well as a factor related to the coupling coefficient. For a millimeter-sized coil, the optimal operating frequency for the Rx and the number of turns are found to be 500 MHz and six, respectively, if the coil is closely wound using AWG36 copper wires. If the pitch is also optimized, then 700 MHz and four turns provide the best FoM for the solenoid Rx.
Index
Terms-Analytical model, distributed neural interface, millimeter-sized solenoid coils, wireless power transmission (WPT).
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Fig. 1. Rendered view of distributed implants, including millimeter-sized
Rx coils powered by a planar array of external Tx coils that are designed to generate a homogeneous magnetic field at the surface of the brain [15] .
traditional uses in substituting natural sensing modalities such as hearing and vision, IMDs have found a variety of new applications in medicine [2] - [4] . Because of their current size, however, IMDs used to interface with the central nervous system often cause damage to the surrounding tissue due to tethering effects [5] . To minimize the harmful impact on tissue, Murphy et al. [6] , Moradi et al. [7] , Poon et al. [8] , Mark et al. [9] , Rabaey et al. [10] , Ho et al. [11] , and Ibrahim and Kiani [12] have proposed smaller IMDs, from current centimeter-sized devices down to millimeter-sized ones to be located closer to the target anatomical locations, freely floating along with the surrounding tissue and reducing internal wiring. Miniaturization of IMDs reduces inflammation, cell death, and the risk of damage to the blood brain barrier, resulting in their improved safety and longevity [5] . Safer IMDs lead to new applications and promote existing ones, such as braincomputer interfacing (BCI). In BCI application, besides miniaturization, to eliminate wiring over large areas of the brain, Biederman et al. [13] , Lee et al. [14] , and Lee et al. [15] would like to replace the traditional single and centralized IMD with many distributed implants over the target brain surface in order to record neural activities with high spatiotemporal accuracy, as shown in Fig. 1 . Although Song et al. [16] , Liu et al. [17] , and Montgomery et al. [18] have considered powering smaller IMDs via ultrasound, laser, and ultrahigh frequency fields, the WPT to IMDs is often established between a transmitter (Tx) and a receiver (Rx) coil that are electromagnetically coupled in the near field [19] . Since these IMDs are small and arbitrarily placed, the design of electromagnetically coupled WPT link poses a great challenge. The WPT link should deliver enough power to the load (PDL) while ensuring temperature and human body exposure to electromagnetic (EM) field remains within safe limits. EM exposure is defined by the specific absorption rate (SAR) that should not exceed 1.6 W/kg for safe operation [20] . The SAR, determined by the induced electric field intensity E in tissue, is proportional to square of the operating frequency f 2 in this band and limits the permissible Tx power [20] . The operating frequency and EM field intensity strongly impact the design of Tx-Rx coil geometries, power source characteristics, power transfer efficiency (PTE), and PDL. Generally, a higher PTE leads to a higher PDL, which is the product of the PTE and the power drained from the source, and lowers SAR. Hence, the optimization of the coil design and the choice of f are the key aspects of the overall design.
Because the tiny implants are arbitrarily placed, the external Tx coil should produce a homogeneous magnetic field in various directions in the target tissue volume, which can be generated by a multilayer three-phase Tx coil array, as demonstrated in [14] and [15] . Because of the magnetic field uniformity with respect to the Rx coils, the optimization of the Tx and Rx coils can be tackled separately, according to the analysis in Section II. Therefore, in this paper, we focus on the Rx coil optimization, which is one of the key requirements in designing WPT links. The millimeter-sized solenoid coil is analytically modeled in air and tissue environment in Section III. The proposed resistance-inductancecapacitance (RLC) model of small solenoid coils is carefully verified by the simulations and measurements in Section IV. The optimization of the Rx coil under a 1-mm size restriction, as an example, is presented in Section V, followed by conclusions in Section VI.
II. SEPARATION OPTIMIZATION OF TX AND RX COILS
A simplified model of a two-coil WPT link is shown in Fig. 2(a) , where impedance matching circuits are inserted between the power source V S and the Tx coil and between the Rx coil and the original load resistance R L,O , respectively, to improve PTE [21] . Whereas the space on the Rx end is too small to realize complex impedance matching circuitry, a series or parallel capacitor is usually used to compensate for the imaginary part of the coil impedance and to realize the LCtank resonance at f . The choice of series or parallel capacitor depends on the value of R L,O , with the goal of achieving a larger loaded quality factor (Q-factor) of the Rx coil, Q L , and Rx internal efficiency η Rx [22] . For an R L,O that is on the order of kiloohms, which is the case here, a parallel capacitor is proved to be more suitable [23] , as shown in Fig. 2(b) . In the RLC model of the Rx coil, L 2 , R S2 , R P2 , and C P2 are the inductance, the parasitic series resistance, the parasitic parallel resistance, and the parasitic capacitance, respectively. The parallel LC-tank resonance circuit can be transformed into an equivalent series LC-tank resonance circuit, where
is the transformed load resistance from the original R L,O , as shown on the right side of Fig. 2(b) . Then the PTE, η, can be expressed as [23] , [24] 
where k and Q Tx are the coupling coefficient and the Tx coil Q-factor, respectively. The parameters Q L , η Rx , and k can be found from [23] , [24] 
where ω is the operating frequency, M is the mutual inductance between the Tx and Rx coil, and L 1 is the inductance of Tx coil. H 0 is the magnetic field normal to the Rx coil, assuming that a unit of current (1 A) passes through the Tx coil. The effective magnetic permeability μ eff depends on the relative permeability of the area that the Rx coil encloses [25] . Finally, S Rx is the effective area where we calculate the magnetic flux [26] . Considering the small size of the Rx coil, we are assuming that it is immersed in a homogeneous magnetic field generated by the Tx coil. Therefore, the coil optimization process can be completed by optimizing Rx and Tx coils separately, as suggested in [23] , [27] , and [28] . With this assumption, which is not applicable to traditional larger coil optimization [29] , the main objective in Tx coil optimization is creating the strongest homogeneous magnetic field around the Rx coil, while observing the SAR limits. The main objective in the Rx coil optimization, however, is capturing maximum induced power at resonance and delivering it to the load. This separation considerably simplifies the PTE equation and subsequent optimization steps. In [23] , k was considered a property of the Tx and lumped with Q Tx to form a parameter called Tx figure of merit (FoM). However, as it can be seen in (2), k is dependent on both Tx coil (because of H 0 and L 1 ) and Rx coil (because of μ eff , S Rx , and L 2 ). Therefore, here we modify the PTE equation in [23] to more accurately separate the Tx and Rx properties and achieve a more realistic model and better
Here, we refer to F Tx and F Rx the FoMs of Tx and Rx, respectively, which are solely dependent on their respective coil geometries. Note that the coupling coefficient k is separated into two parts, i.e.,
The Tx and Rx designs can also be separated with respect to the SAR, which increases with f 2 . The optimal operating frequency is in tens of megahertz when the Rx coil is centimeter sized [29] , whereas recently reported millimeter-sized WPT systems are often in the hundreds of megahertz band, from 120 MHz to 1.5 GHz [1] , [7] - [12] , [21] , [23] . Ibrahim and Kiani [12] concluded that even for millimeter-sized coils, the optimal frequency should be in tens of megahertz because their simulations are based on the traditional loop antenna. Poon et al. [8] stated that the EM field can be redistributed by the appropriate choice of Tx antenna to avoid excessive heating of tissue and adopted f = 915 MHz for their wireless link. Mark et al. [9] and Rabaey et al. [10] demonstrated that it is possible to operate larger Tx coils at higher frequencies using the segmentation method and reduce the SAR by separating the Tx coil from the human body. Based on these results, the SAR is mainly determined by the Tx coil design, and its safety limit can be satisfied by adopting one or more of the above methods. Another conclusion, which was mentioned earlier, is that for WPT to millimeter-sized Rx coils, the Tx and Rx coils can be optimized independently, leading us to focus on the modeling, optimization, and measurement of the Rx side, which is more critical in the case of small distributed IMD application.
The printed spiral coils (PSCs) with the merits of ease of manufacturability and conformability to the body curvature on flexible substrates are popular in many IMD applications [29] , [30] . The planar PSCs, however, are not the best choice for a very restricted volume and could suffer from a low Q-factor. In an IMD that is confined to a 1-mm 3 cubic space, for instance, a PSC coil design involves only the width of the conductor, the number of turns, the pitch between turns, and the inner diameter of the coil, all of which are in 2-D and most are limited by the fabrication technology, but it cannot take advantage of the third dimension in achieving even a higher PTE and a higher PDL. An alternative choice, which has not received as much attention as the PSCs, but quite suitable for small (millimeter-sized), distributed, and even injectable IMDs, is using solenoid-type 3-D coils [31] . In the next section, we have developed an analytical RLC model for solenoid coils in air and tissue environment to be used in the optimization procedure in Section V. Fig. 3(a) shows the cross-sectional view of the brain model, which comprises the layers of skin, fat, bone, dura, cerebrospinal fluid, and gray matter [32] . The implanted coil in the gray matter is insulated with a coating layer to prevent shorting and improve Q-factor. Fig. 3 (b) depicts the geometrical parameters of the solenoid coil, where r , r o , r w , l, and p are the coil radius (center to center spacing of the filament), coil outer radius, wire radius, solenoid length, and center-to-center pitch between adjacent turns, respectively. The number of turns is noted as N.
III. ANALYTICAL SOLENOID COIL MODEL
Some implantable Rx designs using solenoid coils have been reported previously [12] , [23] , [33] , [34] . In [23] , the EM simulation tool HFSS (Ansoft, Pittsburgh, PA) was used to analyze the impact of the geometry variation on the Rx performance. The HFSS simulation is time consuming especially when there are many geometrical variables that need to be swept. As a result, only few cases with different numbers of turns at different frequencies were simulated. Ibrahim and Kiani [12] and Kiani et al. [33] have used a rough model and an iterative optimization procedure for their design. In [34] , the model includes only the inductance and the parasitic series resistance of the coil, but does not consider the effects of coating and surrounding tissue volume conductor. In this section, a significantly more accurate formulation for the implanted solenoid coil RLC model in Fig. 3(c) is devised, which is valid at the frequencies lower than the Rx coil self-resonance frequency (SRF), where L, R S , C P , and R P are the inductance, parasitic series resistance (due to conductor's ohm loss), parasitic capacitance, and parasitic parallel resistance (due to dielectric loss in the coating and tissue), respectively.
A. Resistance Model
In addition to the conductor dc resistance, impacts of the skin and proximity effects are considered in this model. The closed-form skin effect resistance of a straight infinitely long conductor with circular cross section R sk is found from [35] 
where l w and σ are the length and conductivity of the wire, respectively, R dc is the dc resistance of the straight conductor, μ 0 and μ r are the free space permeability and relative permeability of the conductor, respectively, and ber(m), bei(m), ber (m), and bei (m) are Kelvin functions [36] . When the wire diameter is much smaller than the coil diameter, a circular coil can be approximated as a straight conductor for the calculation of the skin effect resistance [37] . The proximity effect resistance R pr induced by adjacent parallel conductors is a classic and yet difficult problem. Butterworth [38] considered R pr as a part of R sk by multiplying an empirical factor from a lookup table. This table was revised by Medhurst [39] for higher accuracy. However, both [38] and [39] are valid only when the number of turns is large [40] and not appropriate for general use because of the limited scope of its applications [41] . Smith [42] obtained an exact solution for the case of two parallel conductors. However, an approximation method using Fourier series expansion with cumbersome numerical calculations is needed when N > 2 [43] . Dwell [44] and Ferreira [45] considered these parallel turns as a foil and used a porosity factor to revise the error induced from omitting the gap between turns, which were improved further by weighting these two methods [46] , [47] . The methods reported in [44] - [47] are suitable for traditional transformers with ferrite cores. On the other hand, eddy current in a cylindrical conductor and its corresponding resistance have analytical closed-form solutions [48] , when this conductor is under a transverse magnetic field H n normal to its axis
where I 0 is the net current of the coil and ber 2 (m) and bei 2 (m) are Kelvin functions [36] . Note that the formulas in [35] and [49] have typos [48] . The turns in solenoid coils can be considered as several parallel cylindrical conductors, changing the problem to how to calculate H n for each turn. An iterative method has been proposed to solve this problem [49] . The successive approximations method starts by considering the wires as filaments to calculate the initial magnetic field and proceeds by using the new magnetic field to calculate the induced current and magnetic field. A simpler and more direct approximation method from [37] is selected and improved in this paper.
To calculate the magnetic field on a target turn, the other turns are divided into two parts [37] . In one part, the turns are symmetrical with respect to the target turn, and in the other part, the remaining turns do not have corresponding symmetrical turns. In the symmetrical case, shown in Fig. 4(a) , the magnetic fields at points A and B in the direction of the z-axis are opposite and have the same magnitude and the magnetic field at point C is zero. Although the average magnetic field across the target turn is zero, the magnetic field induces local eddy currents. Since the magnetic field impacts R pr in (5) in squared form, the total contribution of the left and the right turns can be considered as half of the maximum value at points A or B. Then the effective magnetic field along the z-axis from a pair of symmetrical turns H sym can be found from
where i and j are the turn numbers of the source and the target turns, respectively, shown in Fig. 4(a) , and j > i is satisfied after numbering from left to right. The selection of a positive or negative sign in (6) is determined by the position of the target turn. If j ≤ N/2, a negative sign should be selected; otherwise, a positive sign should be selected. The effective magnetic field in (6) is more accurate than [37] , where the magnetic field at point.
Point A represents the entire magnetic field on the target turn and the same sign is used for all positions on the target turns. In the asymmetrical case, as shown in Fig. 4(b) , the magnetic fields at points A-C, which are produced by the remaining turns, increase in the same order. Then the z-axis magnetic field at point C is considered as the effective magnetic field on the target turn H asym
where j and k are the turn numbers of the target and the source turns, respectively, as shown in Fig. 4(b) , and k > j is satisfied after numbering from left to right. The total effective magnetic field H n on the target turn is the sum of (6) and (7), H n = H sym + H asym , which should be substituted into (5) to calculate R pr .
Because of the orthogonality of skin and proximity effects, R sk and R pr can be summed directly to obtain the total parasitic series resistance [45] 
B. Inductance Model
The self-inductance of a solenoid coil is also a classic problem, being discussed since early days of radio engineering. Many previous literature works have been recently reviewed in [50] . Wheeler's well-known formula of the self-inductance is [51] 
where l is the coil length, l = N · p, and K L is a correction factor because of the finite l, considering the wire as a current sheet, with the assumption that the magnetic field along the solenoid is uniform. A more accurate expression is provided by Nagaoka [52]
where E(k 1 ) and K (k 1 ) are the first and second kinds of complete elliptic integrals with the argument k 1 , respectively [36] . The current sheet assumption in (9) should be modified according to f because, similar to parasitic resistance, the current distribution depends on frequency. The uniform magnetic field assumption also needs to be reconsidered when the turns are not close to one other. A few existing literature works on inductance calculation include corrections for high-frequency and large-pitch operations [50] , [53] . An estimation of the effective radius of the current sheet at high frequency r HF can be found from [50] r HF = r LF ( p/2r w − 1) + 2r min p/2r w + 1
where r LF and r min are the low-frequency effective radius and minimum high-frequency effective radius of the current sheet, respectively. In fact, r LF and r min are the upper and lower boundaries of r HF , respectively [50] ,
Finally, the self-inductance at high frequency is derived by substituting r HF for r in (9) and multiplying a factor K P related to large pitch effect, which is approximated according to the discussion in [50] and simulation data
C. Capacitance and Parallel Resistance Model
The parasitic parallel capacitance of a solenoid coil C P is proportional to the relative permittivity ε r of the dielectric medium surrounding the coil, i.e., C P ∝ ε r . For a lossy dielectric medium, the relative permittivity ε r is a complex number, i.e., ε r = ε r (1 − j tan δ), where ε r and tan δ are the real part and the loss tangent, respectively. That is to say, the parasitic parallel capacitance can be considered as a complex capacitance, which is noted as C Pcom = C P (1 − j tan δ) . The complex capacitance can also be represented by a real capacitance and a parallel resistance, C P and R P , as shown in Fig. 2(b) , where R P = 1/(ωC P tan δ). If more than one single uniform dielectric medium surrounds the coil, which is the case here, the model is more complicated.
A method to calculate C P in a uniform lossless dielectric medium is to compute the interturn stray capacitance, resulting in C P = C tt [54] or C P = C tt /N [55] , both of which have been found to be inaccurate in experiments [39] , [56] . Because the stray capacitances between turns are parallel to a short transmission line, the total equivalent capacitance is not easy to find. The SRF in an isolated solenoid coil, i.e., when nothing is connected to its terminals, is similar to a transmission line resonance [56] . The corresponding wavelength of this resonance is twice the length of the wire. A semiempirical capacitance model for closely wound and long solenoids have been derived from Medhurst's measurements [39] and improved by Knight [56] . In practice, however, when a solenoid coil is connected to a circuit or a connector, the full reflection behavior at the coil terminals will be perturbed and a potential builds up between the coil terminals that creates a closed-loop circuit. At the same time, the impacts of p, r , and l on the electric field are difficult to consider in a simple lumped model. An estimation of the capacitance by considering the two ends of the coil as two parallel wire ring electrodes with separation l can be found from [56] 
where ε 0 and ε r are the vacuum permittivity and the relative permittivity of the lossless dielectric medium around the coil, respectively. The model in the multidielectric medium is an extension of the model in the uniform dielectric medium. Fig. 5 shows the simulated electric field distribution in a capacitor consisting of two wire ring electrodes in COMSOL (Los Angeles, CA), surrounded by the coating layer and the tissue, where some electric fields are only within the coating, and the others pass through both the coating and the tissue. According to this phenomenon, the complex parasitic capacitance of the coated/implanted solenoid coil is modeled with three components, C Pco1 , C Pco2 , and C Pti , as shown in Fig. 5(b) , where C Pco2 and C Pti are connected in series and then connected to C Pco1 in parallel. These parasitic components are expressed as
where ε r_co and ε r_ti are the relative permittivities of the coating and the tissue, respectively, tan δ co and tan δ ti are the loss tangents of the coating and the tissue, respectively, and a 1 -a 3 in (15) are the functions of l/r w and t co /r w , where t co is the thickness of the coating, as shown in Fig. 3(b) . a 1 -a 3 are curve fitted based on a polynomial function, and the simulated results from a pair of parallel wire ring electrodes in COMSOL, as shown in Fig. 5 (a)
where p i j , x, and y for a 1 , a 2 , and a 3 are listed in Table I . Finally, the parallel parasitic capacitance and resistance are found from
D. Q-Factor and SRF
The solenoid coil impedance Z and the Q-factor Q modeled by the RLC circuit in Fig. 3(c) can be found from where Re(Z ) and Im(Z ) are the real and imaginary parts of Z , respectively. The SRF can be obtained by finding the frequency in which Im(Z ) = 0 .
IV. VERIFICATION OF SOLENOID RLC MODEL
A. Measurement Setup Fig. 6(a) shows the measurement setup, in which a slab of beef, ∼1 cm in thickness, is used to mimic the tissue environment. For the purpose of this study, the permittivity and conductivity of beef are close to those of gray matter in the brain at the frequency range of interest, 100 MHz to 1 GHz [57] , [58] . Impedances of the solenoid coils are measured using a vector network analyzer (VNA, Rohde & Schwarz ZVB4). Because the coil cannot be connected to the VNA directly, it is soldered to a subminiature version A (SMA) connector and inserted into the beef, as shown in Fig. 6(b) . It should be noted that measuring Z-parameters at frequencies too close to SRF would not be accurate because the resulting close to infinite impedance reduces the VNA excitation current and measurement accuracy. To achieve the highest possible SRF, the solenoid coil was directly soldered to the SMA to make the feeding line as short as possible.
The coils under test were coated using polydimethylsiloxane (PDMS), as shown in Fig. 6(c) . Before coating, three lateral extensions on the SMA body were removed and the remaining extension was cut to the same length as the central pin, 1.5 mm, as shown in Fig. 6(d) . Due to small geometry of the coil, the 1.5-mm separation between the solenoid coil and the metal plate of the SMA reduce the SMA influence on the measurement results down to acceptable levels. Nonetheless, the SMA was also included in our HFSS simulation model. The one-port de-embedding method was used to remove the parallel and series parasitic components of the SMA connector and a short connecting wire from the coil to the SMA. Y -parameters, Y full , Y short , and Y open , which represent the full, short, and open circuits, were measured in the configurations shown in Fig. 6(d)-(f) , respectively. Finally, Z was calculated from [59] 
The solenoid coils were made using #36 American wire gauge (AWG36) by TEMCo (Fremont, CA), which has a 0.1524-mm wire diameter, including the insulation, and a 0.1270-mm copper diameter. A six-turn coil was closely wound around a Ø0.75-mm rod, as shown in Fig. 7(a) . With no gaps between adjacent turns, the minimum pitch is
where r wi is the wire radius including the insulation thickness. Compared with coils with different N, coils with different pitchs are not easy to fabricate. One way to wind coils with accurately controlled pitch and other geometrical parameters by hand is using custom-made screws. Here, we used ISO metric thread screws with standard dimensions, as shown in Fig. 7(c) [60] . This is the equivalent of winding the coil around a rod with radius r rod plus fine pitch control. The radii of the coil and the rod are related as
where r p and p are the pitch radius and pitch of a screw, respectively, and h = 3 0.5 p/2 [see Fig. 7 (c)] [60] . Fig. 7(b) shows a solenoid coil that is wound using an ISO metric thread screw with a 0.335-mm pitch radius and a 0.2-mm pitch [60] . The equivalent rod diameter for this coil is 0.736 mm, which is very close to the Ø0.75-mm rod that is used to wind the other coils.
B. Simulation Setup
The HFSS simulation models in the brain volume conductor are shown in Fig. 3(a) . The complex permittivity of PDMS at a frequency below 1 GHz is 2.68(1 − j 0.015) [61] . The permittivity and loss tangent of the tissue at different frequencies can be found in [57] . The HFSS model in air environment is shown in Fig. 8 , where Fig. 8(a) is a pure solenoid coil, while Fig. 8(b)-(d) are solenoid coils with the SMA in full-, short-, and open-circuit conditions, respectively. Comparing the coil calculation, the simulation and measurement results in the air help us clearly understand the accuracies of theoretical and simulation models and the measurement techniques, which are supported by the de-embedding method. The SMA model in HFSS was constructed according to the measured SMA specifications obtained from product #SMA761-10.5/1.6, Lih Yeu Sheng Industries Company Ltd. (Tainan City, Taiwan). The lumped parasitic capacitance C SMA , inductance L SMA , and impedance Z C of the SMA are then calculated as 0.55 pF, 1.38 nH, and 49.98 , respectively [63] . Fig. 9 shows the calculated and simulated SRFs at different N and p in the air and brain tissue environments with a 0.1-mm and a 0.5-mm PDMS thickness, respectively. It can be seen that the calculated results from models derived in Section III are consistent with the simulated results. The SRF in tissue with a 0.5-mm PDMS thickness has dropped ∼1.7 times compared with air because of the increase in parasitic capacitance. When the PDMS thickness is reduced to 0.1 mm, the impact of the tissue is stronger, further increasing the parasitic capacitance and decreasing the SRF. Fig. 9 also shows that the SRF decreases with N and increases with p. The SRF also shows its negative impact on Z and Q-factor of the coil when it approaches the operating frequency, which should be avoided. Fig . 10 shows the calculated, simulated, and measured results of Re(Z ), apparent inductances, and Q-factor for a six-turn solenoid coil, which is closely wound around a Ø0.75-mm rod. The apparent inductance, which is defined as Im(Z )/ω, is different from the true inductance in (13) . It can be seen that the analytical models of resistance, inductance, and Q-factor in Section III are in agreement with the simulated and measured results in air. The comparison between the simulated results with and without the SMA shows the acceptable impact of the SMA in this paper and the accuracy and validity of the measurement setup.
C. Results
The simulated and measured results in the brain tissue show that Re(Z ) and apparent inductance are larger than those in air when f > 400 MHz, as a result of lower SRF in tissue than that in air, as shown in Fig. 9 . Two different thicknesses of PDMS coating, t co = 0.5 mm and 0.1 mm, show lower Re(Z ) and Im(Z ) in the case of the thicker coating, as expected, and Q-factor, because of the lower permittivity and loss tangent in PDMS than in tissue. The complex permittivity of the brain gray matter is 52.28(1 − j 0.339) at 1 GHz [62] . In measurements, the PDMS thickness cannot be well controlled in our dip coating method, as it can be seen in Fig. 6(c) , in which one side of the coil is coated with thin PDMS while the other side has thick PDMS coating. Nevertheless, the measured results in beef are close to the simulated and calculated ones, although the measurement errors in tissue are larger than in air. It can be seen that the measurement results have some fluctuations at f > 600 MHz, which are resulted from random errors and drifts that exist in calibration. These are reduced to a certain extent by setting the VNA resolution bandwidth to 100 Hz and averaging ten points.
Similar results for a second coil with N = 6 and p = 0.2 mm, wound around a screw as shown in Fig. 7(b) , and a third coil with N = 4 and p = 0.153 mm, wound around a Ø0.75-mm rod, are shown in Figs. 14 and 15 , respectively. The analytical resistance model shows its good agreement with the simulation and the measurement. The analytical inductance model is slightly larger than the simulation and measurement, resulting in the analytical Q-factor to be slightly larger than 
V. OPTIMIZATION OF THE RX COIL
We showed in Section II that the PTE expression can be separated into F Tx and F Rx , which are the only functions of the Tx and Rx coil parameters, respectively. For the Rx coil, k 2 Rx = (μ eff S Rx ) 2 /L 2 can be expressed in more detail, by substituting the inductance model (3) forL 2 and N · A for S Rx because of the small size of the Rx coil and uniformity of the magnetic field at the Rx location, where A is the cross-sectional area of the solenoid coil, A = πr 2 HF . Consequently, F Rx can be expressed as From (22) and the analysis in Sections III and IV, we can analytically optimize the Rx coil's geometry and f under application requirements, such as size restriction and original loading R L,O . As an example, the optimization of a solenoid coil under a 1-mm 3 volume is presented here, assuming that the coil is wound around a Ø0.75-mm rod using AWG36 wire and coated with a 0.1-mm thickness PDMS. Fig. 11 shows the analytically calculated F Rx at different R L,O conditions for a six-turn closely wound Rx coil. A larger R L,O results in higher F Rx at higher optimal f . According to the equivalent circuit shown in Fig. 2 
, and consequently higher Q L η Rx and F Rx , while noting that k 2 Rx is not affected by R L,O . For a fixed R L,O , there is an optimal f because R L ∝ ω 2 , and R S2 increases with ω slower than R L since R sk ∝ ω 0.5 , R pr ∝ ω, and R S2 = R sk + R pr , according to the analysis in Section III. Q L does not always increase with ω, while η Rx increases with ω, resulting in a maximum F Rx at a certain frequency. A smaller R L,O , i.e., larger R L , indicates that F Rx reaches its maximum at lower f than larger R L,O (smaller R L ). Fig. 12(a) shows the calculated Q L η Rx varying with N when the coils are closely wound and loaded with R L,O = 5 k . The outer diameter of the coil in this case is 1.055 mm and the maximum height of the coils is 1.068 mm (6-turn), both very close to the 1-mm target. Fig. 12(a) shows that, as expected, the coils with smaller number of turns, except for N = 1, reach a higher Q L η Rx at a higher f . The trend is consistent with the simulated results in the work of Ahn and Ghovanloo [23] , where they defined Q L η Rx as the FoM of the Rx and simulated it in HFSS. A higher Q L η Rx , however, does not mean a higher F Rx , because k 2 Rx is proportional to N. The optimal N is six when maximizing F Rx , as shown in Fig. 12(b) , where the optimal f is 500 MHz. For N > 6, the length of the solenoid coil extends beyond the 1-mm size restriction. Although F Rx at 600 MHz is almost as high as 500 MHz, the latter has lower SAR. In addition to maximizing F Rx , which results in a maximum PTE in homogeneous magnetic field, the induced voltage across the Rx coil V Rx should also be large enough to ensure that the following power management circuitry can work well [64] : where H 0 I 0 are indicated by the Tx, μ eff = μ 0 , and S Rx = N · A, respectively. Therefore, V Rx is proportional to ω · N, and in this case, the six-turn coil provides both the highest F Rx and V Rx . From (23), we also find that a larger F Rx does not always indicate a larger V Rx , which should not be omitted especially when V Rx is critical for IMDs.
To further improve the optimization, we can adjust the coil pitch p. A larger p leads to a lower proximity effect resistance and a higher SRF at the cost of reduced inductance. Under the 1-mm-size constraint, we should reach a tradeoff between N and p. Fig. 13 shows the F Rx of the coils with various N and optimal p in each case. It can be seen that the sixturn coil does not offer the highest F Rx ; instead, the fourturn coil with 0.233-mm pitch provides the maximum F Rx at 700 MHz.
VI. CONCLUSION
Complications of optimizing the entire WPT link for millimeter-sized IMDs that are arbitrarily distributed in a large volume can be simplified by separating the Tx and Rx coils' optimizations by virtue of the fact that the magnetic field within the volume of the IMD would be homogeneous due to its small size. Moreover, unlike lithographically defined planar spiral coils, accurate modeling and optimization of wire-wound solenoid coils, which can arguably achieve a higher PTE under extreme size constraints (<1 mm), have not been covered in the literature. An FoM for the Rx coil was derived, which not only includes loaded Q-factor and internal efficiency of the Rx but also a part of the coil's coupling coefficient k. Small solenoid coils are modeled analytically in closed form, particularly including the impacts of coating and surrounding tissue. The proposed model shows good agreement with full-wave simulations in HFSS and measurements. The proposed analytical model accelerates the Rx coil and operating frequency optimizations without requiring time-consuming iterations in the EM simulation environment. As an example of optimization under a 1-mm size constraint and a 5-k original loading using AWG36 wire, a closely wound coil around a Ø0.75-mm rod provides the maximum Rx FoM with six turns at 500 MHz. A four-turn coil, operating at 700 MHz, can achieve even a higher Rx FoM if the winding pitch can be controlled using a custom-made screw.
APPENDIX
Figs. 14 and 15 show the results of an (N = 6, p = 0.2 mm) coil, which is wound around a screw, as shown in Fig. 7(b) , and an (N = 4, p = 0.153 mm) coil, which is wound around a Ø0.75-mm rod, respectively.
